ME 380 Midterm Exam II Solutions November 12, 2020

ME 380: Kinematics and Machine Dynamics
Fall 2020 / Midterm Examination #2

Name:

Question: 11 21| 3| 4 | Total
Points: 15140 (45| O 100
Bonus Points: | 5 0 0 |15 20

Angle sum and difference identities

sin (o« & 3) = sin (@) cos (8) = cos («) sin (3)
cos (o + ) = cos () cos () F sin (a) sin ()

Isomorphism between so0(3) and R?

T . .
Let a = [al ao CL3} € R? be a vector. There is a unique correspondence between a
3 x 3 skew-skymmetric matrix, @ and the vector a:

ay 0 —as as
as| =a+a=| a3 0 —a
as —an aq 0

Angular and linear velocities
We define the (body) angular velocity and angular acceleration of a reference frame ¥p
with respect to X4, respectively, by

AJA B
A~B T A B d“w
w :RabRab) « — dt

Suppose that r € R? is a vector that begins at any point fixed in frame X4 and ends at
a point, ), moving in 4. We define the linear velocity and acceleration of point ) in X4,
respectively, by

A,Q & Aﬁ A,Q B AqA@
dt’ dt
Differentiation in two frames
If ¥4 and Y are two reference frames, the first time-derivative of any vector v in ¥4
and in X g are related to each other as follows:

A B
dv dv 4 5
— = — 4w’ xu.
a - @
Auxiliary reference frames
The angular velocity of a rigid body B in a reference frame A can be expressed in the

following form involving n auxiliary reference frames A;, ..., A,:

ApB Ay | AAs L AnrAn A B
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QuUeStIon 1 ... .. 15 (main) + 5 (bonus) points
Figure 1 shows a schematic of the Oldham cou-
pling, where rg, 1, and 7y denote the lengths

of the base, first, and the second links, respec-

tively. The angle ¢ = 7 and the length ry =

3 [in] are fixed. If 6 = 57wy = 6 = —3 1ad,
and oy =0, =2 rgzd, then perform the follow-

ing analysis.

(a) [7 points] Write down the loop equations
and solve for r; and ro at this instant.

| "o |

(b) [8 points] Find 74 and 7.

(c) [5 points (bonus)] Find 7 and 7. Figure 1: Oldham coupling

Solution: (a) Notice that 6, = 0; + ¢ = %” The loop equations are

r1cosfy — rycosbty = g,

r1sinfy — rysinfy, = 0.

Plugging in the values and solving yields ‘7’1 = 1.837 in‘ and ‘7"2 =2.049 in ‘

(b) Differentiating the position-level loop equations (1) w.r.t. time yields the velocity-
level equations

71 cosfy — 1o cosbly =0,
(2)

f’l sin91 — 7"2 sin92 = —7'091,

where we used the position-level loop equations (1) to simplify the right-hand side

expressions. Plugging in the values and solving yields |7, = 0.636 % and

iy = —0.320 11|

(c) Differentiating the velocity-level loop equations (2) w.r.t. time yields the accel-
eration level equations

71 cos ] — 79 cos Oy = —7”09%,
(3)

fl sin91 — ’FQ sin92 = —7"091,

where we used the position- and velocity-level loop equations (1)-(2) to simplify the

right-hand side expressions. Plugging in the values and solving yields |7; = —2.783 IS—EI

and | i, = 0.360 1|
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QUESHION 2 . oo 40 points
Consider the mechanism shown in Figure 2. FExcluding the fixed link, it consists of 5
links, one of which is a slider. Let [, denote the length of link k € {1,2,3}, and let I,

and I, denote the lengths of the vectors A;A; and A,C, respectively.

Figure 2: Window operator linkage

(a) [b points] If link 3 is the input and link 5 is the output, state which link is the
coupler. Also, clearly mark the transmission angle by the quantity .

Solution: The transmission angle ¢ is the angle between the vertical axis and
the unit vector along C'A;. The coupler is link 4.

(b) [15 points] Analytically derive the loop equations in terms of the variables 6, 05, 03,

the transmission angle ¢, ds, and the various constants Iy, ..., I, I}, ao,, and ag,.
Solution:
Loop 1:
OQ—Al—C—OQ C3 . / Sy d5+a0m _
7002141 + TAIC + 7’002 _ 0 l3 S3 (l4 + l4) Cg& + O - 07 (4>
Loop 2:
Ol—B—AQ—C—Ol &1 C12 oy S d5 o
OB | BAy A0 | .CO1 _ h sl T ly Sia Iy c + —ag,| T 0. (5)

(c) [20 points] Given %w?, write down the velocity-level loop equations, in matriz form,
used to find %w!, %w?, %w?, and %°.
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Solution: Note that %w? = —¢2,. The time derivative of Loop 1 w.r.t. the 0%
frame is

’d
03 x pO2A1 4 Oyt 5 A0 4 &TCOQ =0.

Expressing in the 0" frame gives

—l38393 — (l4 + lé)C@QO + d5 = 0,
l3C393 + (l4 + ZQ)S(PQO = 0.

The time derivative of Loop 2 w.r.t. the 0" frame is

0d
Ol s pO1B | 0,2 o oBA2 4 0 4 o [ A2C a7,001 —0.

Expressing in the 0" frame gives

—1y5160) — ly512(0) + 0) — e, + ds =0,
llclél + lQClQ(él + 92) + lﬁlswgb =0.

In matrix form,

0 0  —(y+1)e, 1] [6 S3
0 0 (i +1)s, 0Of |6, e | e
—l151 — l5513  —15519 —lhe, 1 |o| 3100
1161 + 12012 l2012 lﬁlsga 0 d5 0
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QUESHION 3 . oo 45 points
Consider the sliding contact linkage, consisting of 3 rigid bodies, shown in the figure
below. The constants pertinent to this problem are listed beside this figure.

Quantity | Endpoints | Length [units]
l(] |01 02’ 1.5
I |AB| 0.5
Iy 0,4 1.25

Hint. The vector from O; to A can be
decomposed into the sum of the vectors
from O to B and from B to A.

(a) [15 points] Analytically derive the position-level loop equations for this mechanism
in terms of the variables 6, 6, ds, and the various constants [y, {1, and .

— — —
Solution: Let p; = O1 A, po = AO,, and pg = O,0;. We have
po+p1+ 142 4 py = 0. (6)

Writing these equations in coordinates gives

&1 S1 Ca ly _
AR S R MR R

(b) [15 points] Consider an instant when ¢; = —160°. The position-level kinematics
is solved with the solution 8, = 63.312° and ds = 1.370. At this instant, if %w! =

1024 %, compute “w? = 0,2, and " = dszy, where z; and 2z, are unit vectors,

fixed on links 1 and 2, respectively, that point out of the page, x; points from O,
to B and point A is considered fixed on link 3 (or 2).

Solution: Differentiating w.r.t. time equations (6) in frame 0 gives

0

Ol X py 4+ —pAide £ 02 0y — ).

dt
This is equivalent to

0t X py + 102 4+ 0wt x pArd2 1042 5wy = 0. (7)
Writing these equations in coordinates gives

5 —(l131 - d301> ; S1 : S9 .
91{ Ley + s, +d3 ‘o + lx0, , =0.

Page 5 of 8



ME 380

Midterm Exam II Solutions November 12, 2020

()

In matrix form, we have

51 las9 6?3 _ | hsi—dsa ]Q
—c1 —lyca| |0, —(lycq + dssq) a

Plugging in the numbers, the answer turns out to be 6, = 15.983 %, ds =
19.537 [units].

[15 points] Write down the acceleration-level loop equations in vector form (You
do not need to express them in coordinates).

Solution: Differentiation w.r.t. time equations (7) in frame 0 gives

%ot x pr+ %! x ("' x pr) 4+ e + 2%!
x 12 4002 x py + %w? x (0w2 X pg) = 0.
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Question 4 ... ... 15 (bonus) points
Consider a circular hoop of radius R, rotating about the world z-axis as shown in Fig-
ure 3. A bead traverses the circular hoop along a groove. Here are some facts to help
you with the question:

e ¢ is the angle between x-axes of the world frame and the hoop frame.

e When ¢ = 0, the orientation of the hoop is identical to the world.

e 0 is the angle between the z-axes of the hoop frame and the bead frame such that
the z-axis of the bead frame points from the origin of the world frame to the center
of the bead.

o When 6 = 0, the orientation of the bead is identical to the hoop.

e When ¢ = 6 = 0, the translation of the bead, in the world frame is given by
T
DPvead = [R 0 0}

Figure 3: Bead on a rotating hoop

(a) [10 points (bonus)|] Find the (z,y, z) position of the bead in the world frame as a
function of ¢ and 6. Also, find the velocity (&, 5, ) of the bead in the world frame
as a function of ¢, 6, ¢, and 6.

Solution: Let p be the position vector from the origin to the bead. In the bead

frame, this vector is given by p = R [1 0 O}T. We express this vector in the
world frame by

world __ pworld

p = Lyeqq P-
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iy : world __ pworld phoop __
By the rule of composition of rotations, we have Ry00" = Ry7VCR, 0 = R, Ry p.

Computing this last expression, we get

CoCyp —Sp CpSp

world __
Rbead = | SeCo Cp SpS0
—Sg 0 Co
Therefore, we have
y CpCo
wor
p =R |s,c0 (8)

Differentiating this vector in the world frame gives the velocity of the bead in
the world frame

world —SpCh —CpSh .
worldvbead — apu)orld =R CCo — 8,50 |:6:|
0 —Cq
(b) [5 points (bonus)] Suppose that ¢(0) = 2 and the circular hoop has a constant
angular speed with respect to the world, ie., w = ¢ = 7 % . Suppose further

that the bead has a constant angular speed with respect to the hoop, i.e., "°oPbead =

éy;wop such that 6(0) = ¢ and 0(3) = —%”. Use this information to express ¢ and
0 as a function of time.

Solution:
2t ow

(,D(t) = (,0(0) + gbt = ? + 515.

Next, we have
0(t) =0(0) + 6t = 6(3) = 6(0) + 30.

From this, we find that § = —22. Plugging this in the expression for 6(t), we
get
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