ME 380 Midterm I October 05, 2021

ME 380: Kinematics and Machine Dynamics
Fall 2021 / Midterm Examination #1

Aukut C. Satici

Name:

Angle sum and difference identities
sin (o & 3) = sin (@) cos (8) = cos («) sin (B)
cos (o + ) = cos () cos () F sin (a) sin ()

Law of Cosines

a’? = b* + ¢ — 2bccos
b = a® + ¢* — 2accos B
& =a*+b* — 2abcosy

Rigid Body Transformations
R3 > po1: position vector from oy to o;.

U1
Yo (R01>p01) T1-To Y1 To 21-To
T m / R¥™ S Roy= |21-% 1 % 21 %
01

T1-20 Y1-20 ~<1°%0
0p ———3% Iy \ JoL = {Rm p01}

T 0 1

Composition rules: R,. = RopRpe and goe = GabGpe-

Vector Operations
Let v and w be vectors in R3, then the inner (dot) product of v and w is defined by

v-w = [vf| lw] cos 6,

where 0 is the angle between v and w.
Let ¥, be a coordinate frame, and v be a vector in R3. Then, the expression of v in the

coordinate frame 3, is given by

T [v-a:a V- Yq v-za}T

Let R, be the rotation matrix of frame ¥, with respect to 3,. Then, the expressions v*
and v? of a vector v in ¥, and 3, are related by

v® = Ry’
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1. [25 points] This question is concerned with finding the degrees of freedom of linkages.

(a) [10 points] Find the number of degrees of freedom for the spatial linkage below.
This open- loop kinematic chain includes cylindrical, prismatic, and spherical joints.

3 cigd bodes: 3x67 = 13 P
1 cslinévtca\ jo‘mt . -1x4 =
1 ?risma’dc_ joiv\'\'. . =1xH
1 5P\\en‘ca\ :,]o'm’(, . -1x3

(b) [10 points] The linkage depicted below is a schematic representation of a piece of
construction machinery. It has two hydraulic cylinders (links 1 and 2, and links
6 and 7), which may be considered cylindrical pairs. The other pairs are revolute
joints. Find the number of degrees of freedom if this linkage is treated as a planar

linkage. lonsr rmechanism
—~—>P mec

8 rigid bodies: 8x3 = 24

9 revdute joinks: 9«2 = -18

2 Prisma’cic joivd’.S'. -2x) = -4

(c) [5 points] Indicate the conditions that must be met for the planar linkage assump-
tion to be valid in part (b).

Planar motien a?p\ies wherever the wotion occurs n a p\av\e
or n a set of Para\\e\ P\anes. In other words, the plenes

of wotion of the lnks wust all be Para“e\,
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2. [35 points] Consider the linkage shown in the figure below. The origin of the world frame,
09, is located in the middle of points A and B. We define the following quantities:

e f: angle between the xo— and z;—axes.

e 0y: angle between the x1— and zs—axes.,

e d3: distance along the x3—axis from the zy—axis to the yz—axis.

e 04 angle between the unit vector from D to F and the unit vector from D to A.

AYo

,=AB=1
a,=BC=3/2
a,=AD=3/4

X3

vX3

(a) [20 points] Find the rigid-body transformations between the world frame ¥, and
the body-fixed coordinate frames 3; through X3 (established for you). Also find
the rigid-body transformation between >; and Xs.

(b) [15 points] If 6, = —% = —20°, compute the position vector from oy to C' and
express it in the world frame, >g.
ch "5 O ¢, 52 O
(a) R(M = R%,G,l =[3% ¢ O] ; R,'?_‘-'—Rz,&,_ =% % 0O
O O 1 o 0 1
’512
Ro'z = RMRu =R, 8,40,
0 10 < _"’51 Ca
R03 = R%, ‘1"/2 = .',, D O @ R13 = R04K03 = R%. "(01*%) = -64 _51
0 O 1 o ©O
0 2 °
=0 - _g _| 2 3 Q1
Poa ) Poa= Poz = |73 Pis = o | =Roo| 0] =| 325
0 0 o) 0
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(b) Consider the ‘Fo\low'm3 -br(avs\e and use law of cosimnes:

2 2 A .
(%) =(4,> o i~ 24 dgcos(0)
2 2

o 2
or -1 + cos(?‘0>°\3 —\'33 = O,

with  the soldlion set S'Nevx by
d, 6 71254, 1.596%

law of cosines ag an

R

d, = -1.254 d, = 1.9%
605(6;,) = - 0.619 cos(8,) = 0.030
B, =-88.254°
=0, = 128.24%° 2
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3. [40 points] Consider the linkage shown in Figure 1. Let d; = 59.5 in. and dy = 57 in. be
the vertical and horizontal distances from the origin of the world frame, >y, to A and
C, respectively. Furthermore, define the following angles:

e 05: angle between xg—axis and the unit vector from A to B.
e 03: angle between xg—axis and the unit vector from C' to B.

Other relevant quantities are presented within the figure.

a,=AB=34.32
a;=BC=50.4

d1=59.5

Ozl AN NN = C 4
~——d,=57
Ys

Figure 1: Dual crosshead mechanism

(a) [5 points] Compute the mobility of this linkage.

(b) [15 points| Establish coordinate frames fixed to each rigid body and compute the
rigid-body transformation between the world frame (established on the figure) and
each of these coordinate frames.

(¢) [20 points] Derive the loop equations in terms of dy, s, 03, and d; (the constants
ay and a3 are the only other quantities that may appear in these equations).

(d) [8 points (bonus)] Solve the loop equations you to find the values of 65 and 63.

(a> 4 r\'gié bodies - 4x3 = {2
3 revolute 50’«\%5‘- -3x2 =

2 P\r\‘sma‘dc jo'\nES’- -2 %2 i
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) Roz = Rz,ﬁz ] Roz = Re,e5 .

(C) LooP Soes /7 A 1
O Por t Pag* Pec — Poz

B
N .

d Cyp =S O g Co
= 2 N, = 2 _|s, ¢ offo]|=3]%
Phe = g] K Pro = foe Fro [ 0O o 1 o} 0 |
3 C =10
-33 ¢ “53 O || "33 3
¥ 3 - -3, | 5
=10 =7 = =[% ¢ 0O 0 3
e L > P FooPac 0 ° 1|9 0
Equations are : 3,cos(0;) — agees(8s) — d, =0
d,+ 50 (8) - & sn (%) =0
) |
Let & = [57%¢s9.52 =~ 82.39%

Use law O‘F coswneS:

50.4° = 34.32 7+ 5%+ 57" - 2 (34.39) Aeos(=)

59.5
= o= 16.352° 3|0,|= 29.87%°
0y Since 8, is clockwise )
o = | C ............................... o - Py

1 2
S'\ml\af\ﬁ 5 feom law of cosines 34.’32z = 50_4(2+ $.5+51 - ) (50_4) Acos('f)
= V=11.053° = B; = 122.718°
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hip joint

= shank
eknee segment

Foot joint
. foot
orce sensor segment

eanklei

C

(a) Rendered leg test stand with leg fixed into a rotary (b) Schematic of cheetah-cub’s spring-loaded
joint on hip and foot (red) on force sensor (blue). leg mechanism.

Figure 2: The leg mechanism of the cheetah-cub robot from EPFL.

4. [20 points (bonus)] Figure 2 depicts the mechanism that acts as the legs of a quadruped
robot, called Cheetah-cub, built in Switzerland at EPFL (see Figure 3). This mechanism
mimics the leg of a real-world felidea (cat). It consists of three segments (links), the

femur (ﬁ(), the shank ([74), and the foot (@)

The fourbar linkage that the shank is comprised of (K — K’ — A’ — A) is a geometric
parallelogram, keeping the femur and the foot segments parallel.

(a) [5 points] Compute the mobility of the leg mechanism.

(b) [15 points] Place coordinate system, Xy, at the hip (H) and compute the trans-
lation of the tip of the foot (C) with respect to this coordinate system when
Onip = —15° and Oknee = 105°, assuming that the lengths of all segments are equal

to ¢ = 150mm.

Knee motor front
right leg with cam

Hip motor
front right leg

e
< /1;0
Iy second spring

WN/= relaxed (in-air)
IAN ' )

(@ Diagonal spring comp-
ressed (swing phase)

Py

o)
0

! :@ Knee / leg length
- cable mechanism
Foot spring loaded

leg segments through spring loading (stance phase)

Figure 3: The Cheetah-cub robot from EPFL. The robot’s view from hind right; its front
is to the right. Front right and hind left leg are in swing phase, front left and hind right are
in stance phase.
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(a) T\r\er e are 4 W\ov\\nﬁ lnks - 1 'geww., 23\'131\\(.' 1’&0& Segmﬂﬂts-
There ave 2 revdute join-ks.

4 %3 = 12
- SX 2 = - ’IO
2 dof.
o -0
—_ - sin| 6 s N - Sn (_O\r\;p + eknce)
(k) HR =-A () KA = -1
cos (O\f\(?) ! cos (Ohil, + ew)
0 0
— - sin (eav\\n\a) ( - sin (Owp)
AC = - = - o
cos (&,,M,,) cos h\?)

fomur and foot

Seawn\:s are Para\le\.

— N =S s
HC = HK + KA + AC
= -24 _ -
co (0mf) ¢ cos (Owip Bvee) - 1%3. 1
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