ME 380 Midterm I October 06, 2020

ME 380: Kinematics and Machine Dynamics
Fall 2020 / Midterm Examination #1

Name: SO\U"(‘DG Mawu a(

Angle sum and difference identities
sin (a £ ) = sin () cos (B) £ cos (a) sin (5)
cos (o + ) = cos () cos (B) F sin () sin ()

Law of Cosines

a?=0b%+ % — 2bccosa
b2 = a% + ¢® — 2accos B
¢ =a® +b* — 2abcos~y

Rigid Body Transformations
R?® 3 po;: position vector from oy to oy.

, } (A1
Yo (Ro1, po1) / T1+Tyo Y1To 21 Xg
01

I T R™ 3 Roy= |21-% %1% 21 %

Tr-20 Y120 Z1°2p
0y — Zg \ Gor = [R(n P01}

T 0 1

Composition rules: R,. = RuypRpe and goe = gapgpe.

Vector Operations
Let v and w be vectors in R3, then the inner (dot) product of v and w is defined by

v-w = [lo][Jlw]] cos,

where 6 is the angle between v and w.
Let ¥, be a coordinate frame, and v be a vector in R®. Then, the expression of v in the
coordinate frame ¥, is given by
vt = [v-a:a U Yy v-za]T.
Let R, be the rotation matrix of frame ¥, with respect to ¥,. Then, the expressions v*
and v° of a vector v in ¥, and ¥, are related by

vt = Rabl}b.
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1. [25 points] This question is concerned with finding the degrees of freedom of linkages.

(a) [10 points] Find the number of degrees of freedom for the spatial linkage below.
This open- loop kinematic chain includes cylindrical, prismatic, and spherical joints.

Thece are 4 links, includicg the world link

[here are 1 cylindrical, 4 pristatic, and

1 9\‘?\@ rical 1ot .
o

3 (4"\) —  unconstrained  dof

- 4 (1) —  cylindrical i
- 5 (’\) — Fr{emm“‘r}c, '
-3 — %?‘\ner‘\ca\ 0
T N
6 Dof

(b) [10 points] The linkage depicted below is a schematic representation of a piece of
construction machinery. It has two hydraulic cylinders (links 1 and 2, and links
6 and 7), which may be considered cylindrical pairs. The other pairs are revolute
joints. Find the number of degrees of freedom if this linkage is treated as a planar
linkage.

There ore 9 \‘\(\\K%7 \‘(\C\u&'\r\tl:) }(\/‘e world ‘\f“K

There are 9 revolute ond 2 ?(i%}’!\ﬂ;{;k’i
:@Dii’“\%i

3 (‘7 = '\) — ua constrataed dof
-2(9) = rewlute
-2 (2) > ?rismai\c_
2 DoF

(¢) [5 points] Indicate the conditions that must be met for the planar linkage assump-
tion to be valid in part (b).

Planar motion a??\iea if the motion occurs in o P\o«\e or in 3

set of parallel planes. 1o other words, the ?\,Q-ﬁe& of mation
of the links wust all be Fara“e\.

Page 2 of 8



ME 380 Midterm I October 06, 2020

2. [35 points] Consider the linkage shown in the figure below. Note that the origin of the
world frame, op, is located exactly in the middle of points A and B. We define the

following angles:
« 0;: angle between the z¢-axis and the unit vector from o to B.

e 05: angle between the unit vector from o, to B and the unit vector from B to C.
+ 04: angle between the unit vector from D to F and the unit vector from D to A.

Please notice some other quantities that are presented within the figure.

Yo, /’«-"‘kj"

a;=AB=1
a,=BC=3/2
a,=AD=3/4

/
/

Xy

(a) [20 points] Establish coordinate frames on each of the links 1 through 3. Find
the rigid-body transformations (translation and rotation) between the world frame
(established for you) and the body-fixed coordinate frames ¥, through ¥s.

(b) [15 points] If §; = —§ = —20°, compute the position vector from o0y to C and
express it in the world frame, ¥,.

(a) Coor&iﬂa{e lgramegf ace. eg&gi‘;‘.“:\ned ON ““f‘@ ‘("xi‘}ufé? . C’?S ‘5¢

)

.
o a Cy 0 Cag | 0 0
PM-_-,_LL[%} v P12 T a?—[‘*’«zj J ?03='33[2)} ‘
0

RM = Riﬁq RO?_ = R?-,auﬂz , Rm =1 ) W\(\ere_ Ri‘;‘? = 5‘-#’ C: 1/

2

0
(b) The \oop equations, written in 2, ave: ’jTCoS (61)+’23' con (944 9,)
15 sin(6y) + _;_ sin (918)) + &y
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Express the loop equations as 2 enl(op0,) = - =6
- - Sin(84) )
..% ain (81+02) = —c\3 - 2‘
Squawe both ea\ua{'\ons n (‘*) and  sum them to Set
K sdlve 1 , . 3
-2 +snlB)dy +d2 =0 = 4y =% (-sinton l%-\—s\n(91).> - {-1_254, 1595

Now that we know d5 , we insert o (#) after we divice
the lowec ﬁﬁua‘ﬁ(eﬁ \03 e upper eo\uof\ow\z

3 : ~
’car\ (91 t 92\ = (af‘) = @2 — 8{2\(\2 <’ C\B _ smz(e«) ; - coS (a‘l)> _ 61
_ cos | 2 ‘
2

= iz_%g, ~1540% rod .

~ {11%.25“” -88.25°} .

. - feom etthe
The V(’,CJCDF grom a EO C S e.C‘uQ\ ’t‘a ?O'L Vg ‘%3 3 Tee eviner

5]

we BQt 3 ¥, 154—0) 0
Y, cos(a) + Y eos (T4
Fo2 = S

= -5
% solTh) + % sn (-H-159)

0 0
Pos = NV N VO 1

Sim‘\\ar\j, for Yhe okner 45 anda 9 ?a\f:
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3. [40 points] Consider the linkage shown in Figure 1. Let d; = 59.5 in. and dy = 57 in. be
the vertical and horizontal distances from the origin of the world frame, ¥y, to A and
B, respectively. Furthermore, define the following angles:

o 0y: angle between x axis and the unit vector from A to B.
o @5: angle between zy axis and the unit vector from C to B.

Other relevant quantities are presented within the figure.

d1=59.5

0o AJN5555 51000001 00RRRRNNY C
Sy | 4= 57 ——

Figure 1: Dual crosshead mechanism

Answer the following questions about this mechanism.
(a) [5 points] Compute the mobility of this linkage.

(b) [15 points] Establish coordinate frames fixed to each rigid body and compute the
transformation (translation and rotation) between the world frame (established on
the figure) and each of these coordinate frames.

(c) [20 points] Derive the loop equations in terms of d;, 65, 65, and dy.

(d) [8 points (bonus)] Solve the loop equations you derived in part (c) to find the values
of #, and 65.

(3) There ace 5 linke , e q&'\v\g the world link .
vy n > P tavat S <
There are 3 vevolute Jownts ond L pr wenotic  4ts

3-(5-1) - 2(3) -2(2) = 2 DoF.
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(b) Define 24.00d 2 4 b have the same orientalion 3s 2, with
origing o, and o, ok A and C res?ec‘t'wc\\j‘

Place *thwe or'\givs 0, of iz at A and 0z ot -2—5 ot B. Let

T, pont u\on3 .A% and X, alonj BC . et 2,=132,=2; .
0 1
\N\(\{\e Roz = R%’az ana R03 = R;_) 8- Fur \:\r\er nore FQQ = ?01 9

0 ¢y 3 3,2
Poz = Pox * P23 where P2z = alxsnl ~ Vence Pz = Aﬂgazsz

-

(C> LOOF EG\MO\}L;W\ . Poz * P34 = Pogq = 0. 1 €3
We »\a\,e get b fiad Pag [T Eo 2 Piq = 93 Rdb [gl:—as&?-;l.
Hence, ‘n zo the \°°? Qc\ua“:‘mns ae 3‘\‘&“ bj

i

(12)

a,c08(8;) = azcos (8) - 44 = 0 o

dy + 3 sin (8,) — a3 sin (83) =0

P
(c\) B‘j some e\emer\'tar“j Euclidean gesmetry, we see Phat the angle ARC

s equal o 1821+ 04 (see 9{}%‘3. A?’P\j \aw of cosines to A ABC -

Ll o 3y - 2ace (18140) = 16,48 =2.663 == 152.37 .

N P

We con C»muh&. e 0{3\3 CAR = 121: - CAD _\Q_L\ : but
o

C/A\O = ar‘ckaa(f:—«) =034, %° Mot CAB = 0,%0%1 - \ez\ .

\\\ow, use \aw o( coswes aga‘m on A/\BC.Z

aZ = ayadyad, - 23 [&rd} cos (o,goq—\ez\) = |9, = 0521 = 29.87.
- - 0,921 = -29 8%°

Bu{) we know (see %\'3%8) 0, <0, so 9,

'Moreovex? B, = 2 663~ 0.524 = 2.142 cod m 1227
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joint

shank
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f foot
orce sensor segment

(a) Rendered leg test stand with leg fixed into a rotary (b) Schematic of cheetah-cub’s spring-loaded
joint on hip and foot (red) on force sensor (blue). leg mechanism.

Figure 2: The leg mechanism of the cheetah-cub robot from EPFL.

4. [20 points (bonus)] Figure 2 depicts the mechanism that acts as the legs of a quadruped
robot, called Cheetah-cub, built in Switzerland at EPFL (see Figure 3). This mechanism
mimics the leg of a real-world felidea (cat). It consists of three segments (links), the

femur (}—I?(), the shank (K A), and the foot (ﬁ)

The fourbar linkage that the shank is comprised of (K — K’ — A’ — A) is a geometric
parallelogram, keeping the femur and the foot segments parallel.

(a) [5 points] Compute the mobility of the leg mechanism.

(b) [15 points] Place coordinate system, Xy, at the hip (H) and compute the trans-
lation of the tip of the foot (C) with respect to this coordinate system when
Onip = —15° and Oynee = 105°, assuming that the lengths of all segments are equal
to £ = 150mm.

Knee motor front

T \ right Teg with cam
" | Hip motor

cable mechanism
Foot spring loaded
eg segments through spring loading (stance phase)

Figure 3: The Cheetah-cub robot from EPFL. The robot’s view from hind right; its front
is to the right. Front right and hind left leg are in swing phase, front left and hind right are
in stance phase.
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(3) There are 4 mov‘\r\a fioks = 4 ferur Segmef\t)
2 shank  segments,

1 doet se%«\ex\t )

There ace D cewolute 50({\’%:
5 4
-2-5
s -
2 degrees of freedova.

0
_an (9 hig)}

cos (&w?)

() TX = _{K

KA =
Lo <6\M\> N Bknee)
—0 -sm(eme‘) ’ - s\ (ahi?)
/A\C = e - - (_ (
€05 (Danxte) l cos (Ovie)

fonur a0d oot

seqments ore Faro“e\ .

S _e [— sin (ehv? * e\mec)] '

0

— N N -gin (3"‘1?) [ _sia (ﬁ\,\;? + 0\“\%)
HC = WK+ KA+ AC = - 7.'( { \) - { Cos(ey\-\?«*'@\m&f)

cod (:G\M?

2%.42
= M,
-183. M
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