ME 380 Homework VI Due date: November 27, 2018

ME 380

Kinematics and Machine Dynamics
Homework VI Solutions

1. [25 points] For the planar mechanism shown in Figure 1, draw the free body diagram for
each link. Write down equations of motion for each link. Identify number of equations
and all the unknowns. Put equations in a matrix form.

Assume uniform links with center of mass located at the link centers. Gravity is out of
plane. Links have masses m; and inertias J;, © = 1,...,5 about their centers of mass, in
the direction perpendicular to the plane. Assume that kinematic analysis has already
been performed and all accelerations are known. No friction exists at the joints. (Hint:
To simplify free body diagrams at the multiple link junction, consider point J as an
auxiliary rigid body with no mass.)
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Figure 1: Planar Mechanism

Solution: Figure below shows the free body diagram of each link of this planar
mechanism. The force and moment dynamic balance equations about the center of
mass are then given by
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For + Fjn — m10acl =0,

Fjp — Fo3 — my a®* =0,

Fy3 + Foz — m30a03 =0,

Fjy — Fys — myar = 0,

Fis + Fos — ms 0 =0,

Fjn+ Fp+ Fy =0,

MYOr = 101 5 By 4+ p9Y X Fjy 47— Jy ot =0,
M*C2 = @7 % Fiy — p©208 x Fpg — Jo? =0,
MY = pCi7 s Foy — paT x Fys — J ot =0,

M5/05 = pcsT X F45 —|—pc502 X F05 — J5OOZ5 = 0,

There are 16 scalar equations and 16 unknowns, listed as

= (F01,F03,F237F457F05,Fj17FanFj477'),

vectors in equation (1) are given by

each of whose x- and y-components are unknown except for Fy3 and 7. The position
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pf1or = —% cos (01)é; + sin (61)éy, p7 = % cos (01)é1 + sin (6 )éa,
O = _%2 cos (6;)é1 + sin (f)éy, p@2@* = %COS (02)é1 + sin (02)és,
PO = _%4 cos (04)é1 + sin (6)éy, p“T = %cos (04)é1 + sin (0,)és,

pOsT = _%5 cos (05)é1 + sin (05)éy, pP02 = %cos (05)é1 + sin (05)és.

Refer to Figure 2 for questions 2, 3, and 4. The link lengths are given by [y = 0.25m,
Iy =14, =0.3m, Iy =13 =0.35m. Each link is made of homogeneous material, so assume
that the center of mass of each link is at its geometric center. The inertial constants
are given by m; = my = 0.15kg, my = m3 = 0.1kg and I; = I, = 1.5 x 1073 kg - m?,
I, = I3 = 2 x 10~% kg - m?. Gravity acts downwards within the plane.

B

Figure 2: Pantograph

2. [25 points] Perform position-level kinematic analysis for the pantograph depicted in Fig-
ure 2. Follow this analysis up by performing a static-force analysis. Find the values of
the motor torque 7 = [7’1 T4}T necessary to “cancel the gravity” (i.e. keep the mech-

anism stationary) when [01 94]T = [240° 31O°}T. (Notice that you first need to find
what 02 and 03 correspond to these values of #; and 6;.)
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Solution: Solving the position-level forward kinematics with a numerical technique
yields ; = 90.890° and 03 = —95.098°.

The figure below shows the free body diagrams of each link, excluding the inertial

forces.
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The Newton-Euler formulation for static equilibrium states that the sum of all the
forces and the sum of the moments about any point on a rigid body must equal zero.

The sum of the forces R; on rigid body ¢ is given by

R, =F,_1,—Fiis1 —migéa =0, ie{1,2,3}, (2a)
Ry = F3y + Foy — mugés = 0. (2b)

The sum of the moments about the center of mass of each link are given by

MYVC = p&O1 s B — pOA X Fly + Tes = 0, (3a)
M2/C2 — A s o 0B By — (), (3b)
M3/Cs — O3B 5 s — pCsC By, = 0, (3c)
MG = pGiC s Fyy 4 p©i92 x Fyy 4 143 = 0, (3d)
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where the various position vectors are given in coordinates by

I .
pCI0L — 014 —51 [cos (61) sin(6;) O] T

[
pCQA = —pCQB = —52 |:COS (91 + 92) sin (91 + 92) 0} TJ

p03B — _pCSC — l§3 [COS (03 + 94) SiIl (03 + 04) 0:| T?

I .
@il = _pCi02 — 54 [cos (04) sin(6,) 0] .

Putting equations (2) and (3) into matrix form yields the system Az = b (3 significant
digits are displayed) where = = [Fm Fio Fos Fsy Fou T}T and

1 0 -1 0 0 0 0 0 0 0 0 0

0 1 0 -1 0 0 0 0 0 0 0 0

0 0 1 0 -1 0 0 0 0 0 0 0

0 0 0 1 0 -1 0 0 0 0 0 0

0 0 0 0 1 0 -1 0 0 0 0 0
A— 0 0 0 0 0 1 0 -1 0 0 0 0
0 0 0 0 0 0 1 0 1 0 0 0

0 0 0 0 0 0 0 1 0 1 0 0
—-0.13 0.075 -0.13  0.075 0 0 0 0 0 0 1 0
0 0 —0.085 —0.153 —0.085 —0.153 0 0 0 0 0 0

0 0 0 0 0.1 —-0.144 0.1 —0.144 0 0 0 0

| O 0 0 0 0 0 0.115  0.096 —-0.115 —-0.096 0 1|

b=[0 1472 0 0981 0.0 0981 0 1472 0 0 0 0]

Solving this system of linear equations yields, in particular,

 [~0.45242
~ | 052138 |-

3. [25 points] Complete the kinematic analysis of the pantograph by perfoming a velocity-
and acceleration-level analysis. Given that [01 94]T = [24()O 310"]T and [61 94]T =
[—15 5]T @, at an instant in time, find [92 Qg]T and [«92 ég]T. Additionally, find

S
the angular acceleration of all links at this instant if 7 = [7’1 7'4}T = [1 —1]T Nm.
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Solution: Solving the velocity-level kinematics with the given velocities of links 1
and 4 yields

0;] _ [ 25816 ] rad

05| — |—21.002] s °

We append the static-force balance equations the inertial forces and change our
unknown from 7 to 6 = [91 0y 0, 54}T. Thus equations (2) and (3) become

OCL-

Ry =Fi1;— Fiivn—migéa —m; a” =0, i€{l,23}, (4a)
Ry = F34 + Fyy — mygés — 7”'1406104 =0, (4b)
MYt — pC10t B 1A Bl ey — ]10a1 —0, (4c)
M2C2 = oA Py — OB By — %% =0, (4d)
M3/Cs O3B X Fyy — pOC % Fyy — _,30&3 _0, (4e)
M0 = pOiC . Fyy + p%i02 x Fyy + mes — It = 0, (4f)

where a1 = élég, Qg = (91 +é2)é3, 3 = (ég+é4)é3, and Qy = é4é3. In these equations,
the accelerations of the centers of masses are given by

0 0 0 0
aCr = %0t x pO1C1 4 w1><<w1><polcl>,

0 0 0 0 0 0
a®? ="a' x p; + w1><<w1><p1)—|— a? x pA% ¢ w2><<w2><p‘402>,
0 0 0 0 0 0 0
ac3:—a4><p4—w4><(w4><p4>+ a?’XpCCS—i— u)3><((yz)’xp(]@)7
0 0 0 0
aCt = O % pO2Cr 4 w4><<w4><po2c4),

| P
where p; = O1A, p, = 1@, p3 = B?, ps = C'Oy. We need two more equations to be
able to solve for all the unknowns. These come from the acceleration-level kinematic
analysis as

4
Z Yok x Pk + YWk x <Owk X pk> = 0. (5)
k=1

After appending equations (4) and (5), we put them into matrix form Agy,x = bayn
and solve for the unknowns z = [Fm Flo Fy F3y Foy 9]. Let us decompose
Agyn € R ag follows
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A Ay
/4dyn - [ 0 [43}7
where A; € R12x¥10 4, € R'2*4 0 € R**! and A; € R?***. Here, 4; = A 1(1]0

where I and 0 are the identity and zero matrices of appropriate sizes and A is taken
from problem 2. The remaining matrices A, and Aj are given by (up to 4 digits)

[—0.0195 0 0 0
0.0112 0 0 0
—0.0345 —0.0085 0 0
—0.0003 —0.0153 0 0
0 0 —0.01 —0.033
0 0 0.0144  —0.0049
A, — 0 0 0 —0.0172 A — 043 017 -0.2 -043
2 0 0 0 —0.0145] 3 0.156 0.306 0.287 0.094 | -
—0.0015 0 0 0
—0.002  —0.002 0 0
0 0 —0.002  —0.002
0 0 0 —0.0015
0.4301 0.1703  —0.2003 —0.4301
| 0.1558  0.3058 0.287 0.0942 |

The vector by, € R turns out to be (up to 3 digits)

bdyn
:[2.531 5.856 1.586 7.823 3.193 4.119 -0.3616 1902 —-1 0 0 1 70.702 —21.351]T

Solving Agyn® = bgy, and recording the last 4 elements, which correspond to the
second time derivatives of the joint angles, we find

+ rad
o2

(6, 6, 65 64" =[160.843 —304.665 240.37 —236.095]

4. [25 points (bonus)] (Strongly recommended as this will help with your project immensely)

Assume that the motor torques equal identically to 7 = [—0.45 0.45]T. Suppose at
the initial time (¢ = 0) the mechanism’s state is [01 0, 0, 94} = [240O 310° 0 O].
Write a Julia or Matlab program that simulates the system for 20 seconds (finds 6,
0,, 6, and 6, for all time ¢ € [0, 20] using Newton-Euler equations). You may use the
Julia package DifferentialEquations, Matlab’s ode45 function or simply implement
a backward Euler integration scheme for numerical integration. Present the simulation
results by plotting 61, 6y, 61, and 6, as a function of time ¢.
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