ME 380 Final Exam Solutions due date December 18, 2020

ME 380: Kinematics and Machine Dynamics
Final Examination Solutions

Question 1. ... .o 0 (main) + 10 (bonus) points
Consider the Whitworth quick-return mechanism shown the figure below. The lengths
of links 1, 2, and 4 are given by [y, l5, and l4. The position of link 3 along link 2 is given
by ds and the horizontal position of link 5 is given by ds.

l¢ 5|
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Quantity | Length [m] ao
aq 1.0
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Iy I
Iy 2 a1

[

(a) Given 0;, write down the loop equations used to solve for 6, ds, 04, and d5. Express
the vector form of the equations in the world (3¢ = {zo, vo, 20}) frame.

Solution: We need two vector loop equations in order to solve for 4 scalar
variables. These loop equations are

p = p% - agyy = 0,
(1) pO2B —l—pBC — d5370 — (CL1 + ag)yo = 0.

—

where r = A;As. Here A; and A, are points coincident with point A at the
instant in consideration with point A; fixed on link 1 and A, fixed on link 2.
Writing out these equations in the world frame > gives

[y cos (61) — d3 cos (62) =0,

ll sin (01) — dg sin (92) +a = O,

l2 COS (92) + l4 COS (92 + 94) — d5 = 0,

l2 sin (02) + l4 sin (92 + 04) - (a1 + CLQ) =0.

(b) Given “w' = 0,2y, write down the equations to find %w? = 6y2, d3, %w* = 6,20, and
ds in matrix form.
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Solution: Differentiating equation (1) in the 0*" frame gives

0 014, 2 A4 _ 0

wl xp —v w2><7°—0w2><p02‘42:0,

(2) 00,2 x p2B 1 04 x pBC — dszo = 0.

Writing out these equations in the world frame ¥ gives Jg¢ = 0, where ¢ =
(01, 05,d3,04,ds). Notice the block diagonal structure of the matrix J.

—1ly sin 6 ds3 sin 0 —cos 6y 0 0 Z;

1 cos B —d3 cos 0 —sin 6y 0 0 d.3 _o
0 —lysinfy — lysin (02 + 64) 0 —lysin (02 +64) —1 p
0 la cos by + 14 cos (02 + 04) 0 lycos (B2 +64) O di

(3)

(c) Given On! = @29, write down the equations to find %a? = 0520, d3, "ot = 0,20, and
ds (You can leave the equations in vector form, i.e., no need to write out the matrix
form of the equations).

Solution: Differentiating equation (2) in the world frame %, gives

(4)
0! % p01A1 4+ 0,1 % (Owl % p01A1) _24A 0,2 0,2
% (owz % r) 90,2 5 2A _ 0,2 o p02A2 0,2 (owz % pOQAQ) — 0,

002 x pO2B 4 04,2 x (0w2 >(poQB) 1004 5 pBC 4 04 (0w4 xpBC) — dszg = 0.

(d) [10 points (bonus)] If, at this instant, the position-level kinematic analysis is per-
formed with the solution (6, 0s,ds,04,ds) = (30°,64.715°,1.521, —25.923°,1.267),
and 91 = —% %, find d5.

Solution: Plugging given values in equation (3) and solving the linear equa-
tions, we get the solution

by dy 6, d5} _ [—0.2027 —0.2136 0.4943 0.1990],

where the units of the angular and linear velocities are radians per second and
meters per second, respectively.
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QUESEION 2 .. . 0 (main) + 0 (bonus) points
Consider the toggle linkage shown in Figure 1. The lengths of the links 1 through
4 are given by l,...,l;. The position vector from O; to O, is given by p®192 =

T

[aOz — 0oy 0} , expressed in Y. The masses of all of the links are uniformly dis-

tributed. Gravity acts in the downward direction within the plane of operation. Assume
that the center of mass of link 5 is at the point B. In your solutions, make sure to use
the numbering and naming convention given in Figure 1.

v

AT ;O Xo
> ds 2

Figure 1: Toggle Linkage

(a) Given 6;, write down the loop equations, used to solve for 6y, 03, 64, and ds. Express
the vector form of the equations in the world frame (X).

| — N
Solution: Let p; = O1 A4, py = A—j, p3 = JOso, py = ﬁ, ps = O2B.
The loop equations are given in vector form as

3
0102 __
Pi— D — Y
2 o

—p3+ps—ps =0.
Expressing these in Yy gives
Iy cos by + Iy cos (01 + 02) — I3 cos O3 — ap, =0,
lysin 6y + Iy sin (61 + 62) — l38in 03 + agy, = 0,
I3 cos O3 + 1y cos (05 + 04) — ds = 0,
I3sinf3 + Iy sin (03 + 6,) = 0.
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(b) Given ‘w! = 01z, write down the equations to find 0y, 05, 0,, and d5 in matrix
form.

Solution: Differentiating equations (5) w.r.t. time yields

3

0, i o
wan 0, (©)

i=1
—00 x ps + 0wt x py — 028 = 0.

Expressing this in > gives J¢ = 0, i.e.,

—l181 — l3812 —la512 l3s3 0 0 Zl
lici + lacig lacrz —l3cs 0 0 9.2 0
0 0 —l383 — 4834 —laS34 —1 0.3
0 0 lyes+lcss  less O |5
| ds |

(c) Write down the equations that relate %al, %a?) %a3, %a?, and %a?. (You can leave

the equations in vector form, i.e., no need to write out the matrix form of the
equations).

Solution: Differentiating equations (6) w.r.t. time gives

Acc.level Zi:l Ok x pp 4 Owk x (Owk X pk) =0,
kinematics | —%a3 x p3 — %w? x (0w3 X pg) + 0% x py — Ot x (0w4 X p4) —0gB = 0.
4 equations

(d) Draw the free body diagram of each rigid body, marking all the external forces and
moments as well as the inertial forces and moments. (Hint: To simplify the free-
body diagrams at the multiple link junction, consider the point J as an auxiliary
rigid body with no mass.)

Solution:
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(e) Forward dynamics is the problem of finding the link accelerations %a*, k=1,...,4
and %a®, given the input torque, 7. Derive the Newton-Euler equations for forward
dynamics in vector form. There is no need to write out the matrix form of the
equations. Clearly state what the unknowns are and how many of them there are.
Count the number of equations you have derived to solve for these unknowns.

Solution: Newton-Euler forward dynamics

Dynamic force balance Dynamic moment balance
Fo1 — Fig — migyo — m1%a® =0, | p©101 x Fyy — p@4 x Fiy + 720 — I, = 0,
Fiy — Fja — magyo — m2%a“? = 0, PO x Fig + p“Y x Fjp — ,%* =0,
Fj3 + Fo3 — magyo — m3’a® = 0, P X Fj + p©92 x Fog — I3%* = 0,
Fjq — Fis — magyo — ma®a® = 0, P9 x Fjy — p9iB x Fys — I,%* = 0,

Fis — fosyo — msgyo — ms’a® =0, __
Fjo + Fjz + Fjy = 0. __

12 equations 4 equations

The acceleration-level kinematics from part (c) provides 4 more equations to work
with.

. 0.10,20.30.,40,B
Unknowns: | Fo1, Fi2, Fj2, Fj3, Foz, Fja, Fus, fos, "o, "o, "a”, "o, Ya

2424242424242+ 14+14+14+14+1+1=20.
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QUESEION 3 .. .o 0 (main) + 0 (bonus) points
The ring gear in the epicyclic geartrain shown below is not fixed to the ground. The
tooth numbers are N; = 27, Ny = 36, N3 = 24, Ny = 87. Find the angular velocity of
the ring gear. (Hint: Gears 2 and 3 are parts of the same rigid body.)

4

|
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7
© out =20 RPM @ ® in =40 RPM

Solution: Let %w® = wezy. We are given that we = 20rpm and w; = 40rpm. Let
P and P, be the pitch point(s) between gears 1 and 2 with P; fixed on gear 1 and
P, fixed on gear 2. We have

%™ = wiriye = (we(ry + r2) — wara) yo = "™ (7)
Let Q@3 and @4 be the pitch point(s) between gears 3 and 4 with @3 fixed on gear 3
and )4 fixed on gear 4. We have

Oy = (wo(r +12) + wsrs) yo = Waralo = Oy, (8)

Additionally, we know that ws = w3 since these gears are physically mounted on the
same rigid body. Solving equation (7) for wyrs, we find

(7"1 + 7‘2)7‘3 T1
Wal3 = wc—r - er_;
2 2

Plugging this back in equation (8) as well as w3 = wy, we have

™rs ™rs
T2

WyTry = We <T1+T2+7"3+—

Now, notice that r4 = r; + ro + r3, so the above expression simplifies to
rr T N1 N. N; N.
Wy = We (1 + —1—3> — wl—l—g = we <1 + _1_3) — wl_l_?"
T2 Ty T2 Ty

Plugging in the numerical values for Ny, Ny, N3, Ny, we and w; yields
wy = 15.862rpm ‘
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QUESEION 4 . ... 0 (main) + 0 (bonus) points
A CEP (critical extreme position) cam is being designed to provide the following motion
to a translating follower

Follower Displacement | Cam Rotation [rad]
Rise | Ocm to 20cm | Orad to %’r rad

Fall 20 cm to 0 cm %“ rad to %’r rad

Dwell | at Ocm %’T rad to 2w rad

Find a matrix representations for the coefficients of a single polynomial displacement
function for the rise and fall portion of the follower. Clearly state your boundary condi-
tions at the beginning of your solution.

Solution: The fundamental law of cam design states that the cam displacement
function must at least be twice differentiable. As a result, for the rise and fall phases
we have the following boundary conditions

s(0) =0, s<2;>:20, 5(4;): ,

where v(0) = §'(0), and a(f) = s”(#). There are 7 boundary conditions to satisfy

so we need the cam displacement polynomial to be at least degree 6. Thus, we
6

set s(0) = Za;ﬁk , where «y, are coefficients to be solved for using the boundary

k=0
conditions. We have

6

S(0) =v(0) = kad* ", $"(0) =a(0) =D k(k— 1ot

k=2
Plugging in the boundary conditions gives the following linear equation for the coef-

ficients ay:
(1 0 0 0 0 0 0 1 [aol 0]
G DG M S N DS 3 ) M C I
IR NC O O M ) (%) (%) as 0
0 1 0 0 0 0 0 as| =10
0 1 2(4) 3(4)* 4(4)° s5(4)" 6(%)° | | 0
0 0 2 0 0 0 0 as 0
0 0 2 6t 12(4)” 2004)° 304" [as] L0
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QUESEION B ..o 0 (bonus) points
Consider the planar double pendulum mechanism shown in the figure below. Points C
and Cy are the centers of mass of link 1 and 2, respectively. The relevant link lengths
are provided in the table below, on the left. The table also contains the masses and
moments of inertia of the links, along the axis perpendicular to the plane about the
centers of mass.

Physical Values
Quantity
Iy 0.5 m
Iy 0.5m
lea 0.35 m
leo 0.3 m
my 0.5 kg
Mo 0.4 kg
I 33 0.025 kg - m?
I5 33 0.02 kg - m?

In this problem, we will go through the derivation of Lagrange's equations of motion
(Lagrangian dynamics) and compare the resulting equations with Newton-Euler equa-
tions of motion.

(a) Compute the kinetic energy of the double pendulum in terms of 6y, 65, 0, and 6.
The kinetic energy of the system is given by its translational kinetic energy plus its

rotational kinetic energy
K= }Ctrans + ICrot-

The translational kinetic energy of the system is due to the masses and the linear
velocities of the centers of mass of the links
1 1

Kirans = =mi 0 - 0 4+ —my v

Cy 0,Co
v
2 2 ’

while the rotational kinetic energy of the system is due to the moments of inertia
and the angular velocities of the links

1 1
lCrot = §0w1 . Ilowl + 50(.{)2 : IQO(A)Q.
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(b)

()

Solution: The position vectors from O to C; and Cy are given by

p001 =l [sin 0, —cosb, O] T,

p2% =, [sin 0, —cosb 0] T4l [sin (014 603) —cos(f1+6,) 0 T
Thus, the velocities are

0yt = 0191 [cos 6, sinf, O} T

0pC2 = 1,6, [cos 0, sinb, O] T4 ZCQ(él + 92) cos (01 +05) sin(6;+65) 0 T

The angular velocities of the links are given by

Owl = 0;29

0&)2 = (91 + éQ)ZO

Plugging these in the formulas for &Cy.qns and IC,.¢, we find the kinetic energy of
the system to be

1 .
K= 5 (11,33 + I35 + myl?, +my (l% + 12, 4 20115 cos 02)) 07

1 . .
+ 5 <12,33 + mglgg) 0; + ([2’33 + m2lg2 + m2l1lcg COS 02) 0192

Compute the potential energy of the double pendulum in terms of 6; and #,. The
potential energy of the system is due to earth’s gravitational field, assumed to point
downwards in the plane of motion. The elevation of the center of mass of a link
is directly proportional to its potential energy; hence the total potential energy is
given by

P = mygp" - yo + magp* - yo,

where g = 9.818@2 is the constant of gravitational acceleration. p®“* and p®“? are
the position vectors from O to the centers of mass of link 1 and link 2, respectively.

Solution: Using the position vector found in part (a) in the formula given
above, we get

P = —[(maler + maly) cos 61 + maleo cos (61 + 63)] g

[30 points] Compute the Lagrangian
L=K-TP,
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in terms of 601, 65, 61, and 6. Use this Lagrangian to compute Lagrange’s equations
of motion, given by

doL oL

: — 7 i=1,2.
dtog, 0o, '

Here, 7 and m are the torques, applied to link 1 from the world, and to link 2 from
link 1 by electrical motors that actuate the revolute joints at points O and A.

Solution: Lagrange’s equations of motion are given by

([1733 + [2733 + mllgl + mo (l% + lgz) + 2m2l1l02 COS 62) él
-+ ([2733 + m2l§2 + m2l1l62 COS 62) ég — mzlllcg sin (02)62 (291 + 92) (
+ g ((mlld + mgll) sin (91) + mglcg sin (91 + 92)) =T,

9a)

(]2,33 + mQZgQ + m2l1lc2 COS 92) él + (12733 + mglgz) ég (gb)
+ malyles sin (02)0% 4+ magles sin (0; + 05) = 7.

Compute the Newton-Euler equations of motion for the double pendulum. If at

a particular instant (01,02) = (3, §) rad, (01,92) = (0.1,-0.2) %, and (7, 7) =
(0.5, —0.2) Nm., compute the accelerations (6, 65) using both Lagrange’s and Newton-
Euler equations of motion. Compare your results. Do you get the same result using

either method? Explain why or why not.

Solution:
We compute the dynamic force/moment balance about the center of mass of each
link. Newton-Euler equations of motion are given by
AL =10,
where
[1 0 -1 0 —mlq1 cos O 0 1
0 1 0 -1 —mlld sin (91 0
A= 0 0 —ll COS 91 —ll sin 91 —11733 — mllzl 0
0 0 1 0 —mg (11 cos 0] + leg cos (01 + 0))  —maleg cos (61 +02) |
0 0 0 1 —me (ll sin 01 + l.o sin (01 + 92)) —mleo Sin (91 + 92)
_0 0 0 0 —12733 - mglé - mzlllcg COS 92 —12’33 — mzlé
§= |:f01,z fory 2w fizy O G| T,
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[ mllcl sin (91)9% 1
—my (g + 1 cos (91)9%>
T — T2 — mlglcl sin91
b=

. NG
s <z1 sin (01)02 + Iz sin (01 + 02) (91 n .92) )
. RN
—my (g + 1 cos (01)9% + leo cos (91 + 92) <91 + 92) )

To — Maleo <g sin (91 + 92) + [l sin (02)9%)

Using the constants given in the problem statement and the particular state of the mech-
anism, we get the solution (6, 6y) = (—9.55276, —7.09408) %d.

This result should be the same for both Lagrange’s and Newton-Euler formulation since
they are both accurate representations of the physical motion of the mechanism.
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