ME 380 Angular Velocity due date: October 19, 2021

6 Questions

If a=(a, a, a)isa 3-vector, we define the skew-symmetrix matrix S(a) as

0 —a, ay
—Qy Ay 0

1. [10 points] Verify, by direct calculation, that the operator S is linear; that is,
S(aa + Bb) = aS(a) + BS(b),
for any vectors a and b belonging to R? and scalars « and S.
2. [10 points| Verify, by direct calculation, that for any vectors a and p belonging to R3,
Sla)p=axp
where a X p denotes the vector cross product.

3. [10 points] Let i = [1 0 O}T, j=1[0 1 O]T, and k= [0 0 1]T. Verify, by direct
calculation, that

d d

. , d
@R%g = RxﬁS(Z), @Ryﬁ = RyﬁS(]), and _RZ,G = RZ,QS(/{?)

do

4. [20 points] Compute the angular velocity of the second link of the Furuta pendulum,
shown in Figure 1, relative to the world and express it in the world frame.

Figure 1: Furuta Pendulum

5. [10 points (bonus)] Given any square matrix A, the exponential of A is a matrix defined

as
oo

1 1 1
et = AN =T+ A+ AP+ A+
— n! 2 3!
Given a skew symmetrix matrix S € s0(3), show that SO(3) 3 € is a rotation matrix.
Hint: Use the fact that ete? = e4B provided that A and B commute, that is, AB =
BA, and the fact that ‘eA’ = et A,
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y o a .+ Bbx
(> o<a+ﬁ\0 =[°(atj*f3'\°b}

xay + Pz

0 — (aytBbs) o0y« Py
= S(xatBb) = |.aup, 0 —(xarphy (%)
[ty watn

On the other hand,

’O -A%y Oy O by by
ox Sk ﬁ5(5)= | oy O -0+ Plog O b=
-ty 4 0 By bx O
[0 -Ea'Bm)  oayep
T | xagt Boe O ~(aa,<Pex) |
(aayeply)  XxePox 0 ]

W&\Ic\r\ =S ea\ua\ to (*)

(2) [ 0 % oy][ psl -0, Ry +%Pe |
SWp =| &, g -a N S ()
-Qj Q,n O P?: -—0\3?%’(’ ax Pj




AXP =] ox Gy Qe | =4 (aj\)% - Q%F3>
P= Py P= -—j(a,xpz-a%?x) ,
* k(“x Py~ a’j[)‘x>

which 1 eo\ua\ to (%) .

3) 0 -% Se O o
( Y > L ol élo o o
R — 8 =
AN 0O ¢ -¢¢ 0 %

v

3
Sy
{ = s(§) .

Similar COW\‘}A)CAJGOY\S Lo 9S(1) and S(K).

(4) We can  use addition OWC ar\ﬁu\ar velocities to
300A e’hcect here - OUJZ =°w’ o« 1w2_ NOW,
6,5 (k)

S(w') = ReyRat = Ry Ry Ro R
= oq N1 — A 2,-0, %40 X, 2

A

0 °w ) exPresseA n Z,l S 3‘(\/6(\ \oj
q .
(0(,3") = @,' K‘!:,-—TT/Z k



whidh , when expressed i Z, becomes

0 b . -
(ow4> = ﬁ'\ R% KK’)«/’L Kx’,ﬂ/zk = O‘IR%,B,Ik = B1k -

/0'\
Sielacly, 8, 5(¢)
. . r_——/¥—.—"\
S(w) = RpRy = K".’“/z R%rf&R%;f’sz'«/z 4

1 1 . . -
w ) exPreSSeA N\ iz \S SI\JEV\ \ij

(’\wz)z = .62 Rx’_-n]z k )

SO

whidn, when expressed 2, becones:

(w7)

r

R %;ef.ﬁ'x)*/z K*"’z%"'{% 0, ?\‘:" “h

k

0]

I\

/

é2 K%,equ,f/?_k = 62 K?:,84 (’3)

|

= éz ( 5'm(04)i — cos(®) j>

Fina\\j , we @ add :

b?) = (o) + ()

sin (8,) 62{ ~ cos(01) 0, ]+ 61 K

—_—




(‘5> Let us uwse the  defintion o\c the exPov\enh“a\

show ‘k,\!\‘ft
-
(%) = e

T

-
(CS> = <I+ S-t—;—sz -\'EL\—S%_Q__.)

SIS ) 6D

s’ -9
= @€ = e
T\'\ere\core, ble S ad S commute
5( 5>T s -5 T -5 0
€ e = e € = e = e = I )

A\So, \0\3 us‘m5 the \’\‘\h’(.7

te (S)

S
‘e‘:e e’ = 1.

S . . .
Hence e~ is a votation matriv .

to



